For harmonic maps of equidimensional compact Kahler manifolds satisfying certain conditions, a Chern class inequality is stated. If the map satisfies this inequality, it is holomorphic. The main result may be compared with a theorem of Eells and Wood for compact Riemann surfaces.
has a partial splitting in terms of complex types (1,0) and (0,1): f dfi: Tx'°M^f*Tx'°N, df: T°'XM -> f*Tx'°N { dfi: TXfiM^fT°'xN, df: T°'XM -f*T°'x N.
We note that / is + holomorphic ( -holomorphic) if and only if df = 0 (respectively, df = 0). In what follows we shall let E = Hom(Tx '°M, fi* Tx '°N) and F = WomiTxfiM,f*T°'xN).
Let {z"} and {of} be local holomorphic coordinates on M and ¿V respectively. Then on taking subscripts to denote partial derivatives, the local dictionary reads a>"ai~df), öfai~dfi), coa-(~df), äf-i~df) where D"E is taken to denote covariant differentiation with respect to the (0,1) part of the connection on the complex vector bundle E. As a consequence of the harmonicity of /, we have [13] / holds when one replaces E by F and df by df.
The main results
Before exploiting the nature of equation (1.4), we shall state two general results which may be compared with the theorem of Eells and Wood [4] as stated in the Introduction. In what follows we shall assume dimc M = dimc N = n and take oe to denote the Kahler class of M. (i) the bundles f*T ' N and f*T ' N (hence E and F) each have a holomorphic structure, (ii) df and df are holomorphic sections of E and F respectively and at least one of these has maximal rank at some point;
(iii) the inequality
is satisfied. Then f is ± holomorphic.
Proof. Taking the n th exterior product maps of df and df in ( Now let us suppose that / is non ± holomorphic in a neighborhood of a point where at least one of dfi, dfi is of maximal rank. Then at least one of the holomorphic sections /\" df, f\" df is non-zero there. Thus at least one of (2.6), (2.7) is > 0. But the inequality (2.1) as stated in the theorem implies that one of these would be negative and hence a contradiction is reached. Therefore / is ± holomorphic in a neighborhood of this point and hence throughout M by [ 2. In terms of the canonical divisors KM and KN of M and N, respectively, if KM and KN are both > 0, then the inequality (2.1) is satisfied for f*KN > KM as is easily deduced.
In the next section we shall exemplify some cases where the hypotheses of the above theorem are satisfied. For the moment, we see that an inspection of the details of the proof of Theorem 2.1 allows an interpretation in terms of analytic sets and the zeros of f\" df, f\n df; this in fact closely parallels the arguments in [4] when applied to higher dimensions.
To see this, let Af, be an analytic set of (complex) codimension 1 in M. Then formally, Af, = ]T\ Af, ( where Mx ( denotes an irreducible component of Mx , and this expresses Af, as an effective divisor on M in a natural way. Let 5 be a smooth section of a complex vector bundle L -» M. Then s is locally definable by a smooth function g and it is assumed that g vanishes on a neighborhood of 0 e C" along an irreducible component of A/, , i.e., giz , ... ,z"~ ,z") = 0 along {z" = 0}. For any fixed (z , ... ,zn~ ), we define for z" G C, the map g = g/\g\: S -► S . Proof. Suppose / is harmonic, non ± holomorphic in some open set along Af, . Condition (i) implies that , >.
with at least one of these positive. Again, inequality (2.1) gives rise to a contradiction and the result follows as in the proof of Theorem 2.1. D
Thus we see that a general harmonic map, even with a semblance of complex analyticity as suggested by hypothesis (i) of the above theorem (cf [7] ), is still some way from being ± holomorphic, thus confirming the very rigid nature of the latter.
Some examples
In this section we shall study some cases where the hypotheses (i) and (ii) of Theorem 2.1 are satisfied. For the following discussion, we do not need equality of dimension. What figures prominently here, is the nature of (1.4):
Firstly, following [14] [13], we say that N has strongly seminegative curvature if it is assumed that the second term on the right-hand side of (1.4) is > 0. But then, so too is the first term and hence both terms in ( (i) TV is a Hermitian symmetric space of compact type, or (ii) TV has a universal covering which is a locally Hermitian symmetric space of non-compact type.
Regarding N as a Riemannian locally symmetric space, we let (, ) and R denote the complex multilinearity extension to T^N of the Riemannian metric and curvature tensor of N respectively, as in §1. If /: Af -► 7Y is harmonic, then following [3] We shall also consider the case (iii) N is covered by the «-polydisc. In cases (ii) and (iii) above, TV has the property of strongly seminegative curvature. Note that in (i) and (ii), the sign of the curvature term differs only by that of the corresponding Killing form. These observations lead to the following: Proposition 3.1 (cf [3] , [15] , [16] ). Thus f*T ' N has a holomorphic structure and likewise f*T ' N. The corresponding result for the n-polydisc case in (c), was proved in [15] (see also [16] ). It then follows that E and F each have a natural holomorphic structure. The conditions in (3.1) resulting from the pluriharmonicity in (a) and the strongly seminegative curvature condition in (b) and (c), imply the last assertion. D
Remark. Recall that a harmonic map is stable if the second variation of the energy
A Jm is non-negative. When Af = CPn and N is an irreducible Hermitian symmetric space of compact type, a stable harmonic map into TV" is known to be pluriharmonic [2] [10] and, in particular, holomorphic [2] . It is straightforward to see that (2.1) is satisfied in this case (cf. the first remark in §2). For n = 2, when Af is a compact Kahler surface and N is of the above type, the holomorphicity of stable harmonic maps was discussed in [1] and [2] .
Example. Following the second remark in §2, we wish to consider cases where the condition f*KN > KM is satisfied. Some possible sources of examples outside of Siu's rigidity criterion (see [ 15] [ 16] ) are provided by the following. Firstly, both Af and N may be taken to be covered by the «-polydisc. Secondly, for n = 2, we may take Af to be a Kodaira surface, generally exhibited in terms of a ramified covering map Af -► N where N = P x Q is a product of compact Riemann surfaces P and Q, each of genus > 2, [9] (see also [8] ). Both KM and KN are known to be ample in this case and thus KM , KN > 0. The only known examples are those whereby the map is a holomorphic ramified covering, and hence df is of maximal rank outside of an analytic curve in M. However, we may use this to formulate a short recipe for realizing the above inequality. Choose complex structures /, and J2 such that In a similar vein, we have the following theorem, whose proof by contradiction follows that of Theorem 3.2. Theorem 3.3. Let dimc M = dimc N = n and assume that N is an Hermitian symmetric space of compact type. Then any pluriharmonic map f: M -» N having at least one of df, df of maximal rank at some point, satisfies (3.5).
We remark that this last inequality may be compared with the general restrictions on equidimensional holomorphic maps, without the assumption on N. For instance, compare with the following: CP could never be exhibited as a holomorphic ramified covering of a K -3 surface (c, (N) = 0). In fact, if CP" -► N is such a map, then it is well known that N ~ CP" . More generally, any «-dimensional algebraic manifold can be exhibited as such a ramified covering of CP" (this is also well known, see e.g. [12] ).
